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Abstract 

The Gradient Index lens has more powerful imaging capability due to its unique 

index profile. Based on the advanced fabrication procedure of metamaterial, the 

realization of GRIN metamaterials has made a breakthrough in recent research. This 

thesis quotes a model of aperiodic nanostructure GRIN lens, i.e. Lüneburg lens. In order 

to further analyze the discrepancy between experimental and analytical results, we 

employed Hamiltonian ray tracing method and Wigner distribution function. 

Hamiltonian was immigrated originally from the concept in mechanics. By defining 

position and momentum (i.e. direction), Hamiltonian implements the purpose of ray 

tracing faster than traditional ray tracing methods. Meanwhile, Wigner distribution 

function was incorporated to modulate light intensity in terms of positions and 

directions. Wigner distribution function is a kind of transform that can express local 

signal information in both space and frequency domain simultaneously. In this case, 

Wigner distribution function was first used to initialize input information (i.e. position 

and momentum), and modulate intensity during the propagation from Hamiltonian. In 

this way, we conduct our explanations to the discrepancy of experimental and 

simulation results. 
Keywords: Gradient Index, Lüneburg lens, Hamiltonian ray tracing, Wigner 
distribution function�
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1 Ʉʀ  
ǜ Ŗ÷ǰ�Gradient Index�GRIN�ƝŸūJ%ô'\ʊ~Ɛ�ʺǷǾ¥ɗ

ľ�GRINƝŸǾěǷ�ŜŇWȯɃɕǥ�\ȳǾǋö�Ùˑɗǹ。Ǿ\˕Ƚɀƣ�

�\¸6�LED��Ǿ\Ř�ȦȦ�ŶD��ʯ)ěǷ¥4ɱt���Ȭ|
ɩ

ɚÇǜ Ŗ÷ǰ\¸6µĖơÇǜ Ŗ÷ǰ\¸6��m'\ƇȞʪ GRIN /ʒ

ʮƇǈȇ/ʒ>Ŭ� 

1.1ǜ Ŗ÷ǰ�GRIN�ʗƝŸ  

à¿ 1.1ŋȓ�\�/ʒǾȂ(FǷƢħǾKʔ'\Ǿ>ŬŽ®�ʯ$mìȇ

àE~ʼƝŸǷ'ǜ Ŗ÷ǰ�GRIN�ǾȀǾ�ɿÕǜ Ŗ÷ǰ�GRIN�ǾěǷ

ɳǀŖ÷ǰƑʤ× ��ŋ4Áŋˢǋˍɣ½：ʬ~ʼrɀƣø=Ƽ>ɃǾȔã

*Ťŉ\ȳ~ʼ�ǾÎÍŽǉfƑƎęǊǾěǷ{Ǚ�ʺʪŰ ɛǦƝŸ4yʼ

-ĈǾǹȒǫľʯȕŽǉ~ʼrǾżÇʁÒɱȘ��ʗƝŸ��metamaterial�»�

eq ƀǉǸɛǦǺ�Ǿe28EƝŸ�3�ǜ Ŗ÷ǰʗƝŸ�GRIN materials�

Ǿ<��Ŝ»`ǹ/ʒ~ʼɑĐƠǾƎßǾ\Ǟǻ�4��ȐǹãȯɃǾiï1

ɑîǱ\Ǿɓª�Ñǳ�ĿDɑɹ�yʼǜ Ŗ÷ǰʗƝŸǾʽʦĽʝ��1�t

ƤʁÒ²½ǾŖ÷ǰ��2�ʸśfƑȤªʁɺɳǀǾƝŸ4�~FǏȚ��3�9

ȅĘȑɻǜ Ŗ÷ǰʗƝŸǾľɗ��4�Ŏɮ~F��5�ǫį�ǜ Ŗ÷ǰʗƝ

Ÿ�Ǹ'ěǷȀǾǾ�«�ʯ�ǏȚ¥4ʊŶ4Ȥªɳǀ� 

 
    (a)            (b) 

¿ 1.1 �ȕȬ|Ǿǜ Ŗ÷ǰʗƝŸ��a�ɩɚÇǜ Ŗ÷ǰ��b�ĖơÇǜ Ŗ÷ǰ�

ǽɟȪÜƈȓr\Ǿ>ŬŽ®�  
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1.2ɩɚÇǜ Ŗ÷ǰ\ç¸6  

ƘŷɼʀǾɩɚÇǜ Ŗ÷ǰ\ç¸6�ɳ3ɰ%Áŕ�÷�\ū�ÏħŽ

˦ǾěǷ�25˃ƇʺʪȞʹɩɚîǱ\ǾůˠA>ŬŽ®Ȃ��Áʯ＋Ɛ<Ǿ

ʁɺƀǉ�®ěǷ�»�r÷ǤǾ\Ŗ÷ǰǾɉŲ�ĩ\1CŖ÷ǰ²½_÷}

［Ŗ÷ǰÉĜ�ˎ˰.rǱÁ˕ŕ�（��Ǧɑ�ɢƟ6Ȃ���\ȹ1［Ŗ÷

ǰÉĜ_÷}CŖ÷ǰ²½�x�.ˢɳɏɪ˕ŕ�（�ʮɳɏɪ\ȹ_÷ʗʪ

�ǺɷƃǾ`j�÷�total internal reflection�TIR�Ǳʍ�ŕ�÷ǾěǷ��ƇǷ

'ÏħÙˑɗǹ。ųǰǾ\˕˝ɀƣ[1]�à¿ 1.2ŋȓ�ȿʪÁȐÉĜɰ˦ȷȫË

ʼȸǳ�­��÷ǰ¥4Ǹ>ɃǾĵȸǳɀƥǾ 25%˘} 0.52%��Ƹ«ƃ�ȷȫ

ˋɀƣÁ×ɷĝ_÷\ǾŃn�«ƪƈȓrȂ«Ǿŕ�÷ľɗ�Ǧɑ�ȷȫˋɀ

ƣƀǉÁ`j�÷�TIR�ŃnȂêŇ\Ř�ʪȚ�ŋ4ˢɳ�ȕWɯ÷\ƨǾ�

«ɀƣōȎ TIRǾ＝~�4 LEDǾ\Ř��I��\ăʺĒǶˍÁfƑ 1.8Ŗ÷

ǰǾɨíȌÉĜ��ʯHĴ�Ǻɷ�34°�_÷\ɷĝʗʪ34°øƀǉ1ɨíȌ�
>Ŭr��Ę�øʺʪƠºǾ�÷ȽÁÉĜjȁ}ɗ－ɒŴ�à¿ 1.3ŋȓǾ&Ʌ

\ƨɀƣǾ\ãƋD¥4ɸmʗʪ�ǺɷǾ\ū�ˎ˰�AżǾˎ˰Á'ù'�

ǺɷǾ_÷\ƞfƑƎúǾʹ÷ǰ� 

 

(a)               (b) 

¿ 1.2 ɭȆɀƣ�a�ěǷÁʗɩ�ƋȐÙˑɗǹ。���b�¥ɴ\ɣ½�400-800nm�

Ǿ�÷ǰ�  
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(a)           (b) 

¿ 1.3 \Ř��ħǾɨíȌɀƣ�a��®ˊåÌɀƣ��b�ˊåÌɀƣ  

1.3 ĖơÇǜ Ŗ÷ǰ\ç¸6  

ÁĖơÇ GRIN \ç¸6��ǟʚǋöƟ6Ǿ\ǋǈȇǋö>Ŭ4ʰɮʈà

ɓª�ɕǥȦŽ˦ǾȐ\ǹãěǷ�e�Ƒ�ȕʤ�ɧ¬�ƑʙǾ GRIN ʹˌǾ

Iã� 

ȥ�ȕ�˺]Ż˧］Ȇˌ�à¿ 1.4 ŋȓ�ʅ¿ǩƑĄĔǂñûˬ�Screen 

Hamiltonian�ɺȨĴ}�ɴȥ 2 ȣ��eǫľ�
ɢ��Ǥ\ǝB'ʹˌǾʨǺ�

xǸʅǤ\ǝ�rǾƕ®ʹˌ�ÈǾ\ȹøɕǥÁʹˌǾ£�ʨǺ����ʨǺ

ǤÁʹˌȁİ��eŖ÷ǰtčǾɰʩĢ�
 

! ! = !!
!! !

!
!               (1.1) 

e��!!�ʹˌʨǺ4Ô�ÈǾŖ÷ǰR�!�ʹˌ�ÈǾ�İR�!�Ȃô
'ǲķBɍǾ�İÅƩ� 
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¿ 1.4 ˺]Ż˧］ȆˌȓŅ¿�Ȳɟ�\ȹȓI�ǣ˔3ɰŖ÷ǰtč�˱ɟʘǚŖ÷

ǰʘ［�  

ȥ&ȕʹˌ�:ˬʹˌ�Eaton’s lens��à¿ 1.5ŋȓ�ʅʹˌ¥4îǱø\

ȹĥŖɜŋˢɷĝ�à¿ŋȓ�Ėɮ\ƞÁȿʪ:ˬʹˌ­ſʠ% 180°� 

:ˬʹˌǾŖ÷ǰɰʩĢ� 

! ! = !! !!
! − 1              (1.2) 

e��!!�ʹˌʨǺ4Ô�ÈǾŖ÷ǰR�!�ʹˌ�ÈǾ�İR�!�Ȃô
'ǲķBɍǾ�İÅƩ� 
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¿ 1.5 :ˬʹˌȓŅ¿�Ȳɟ�\ȹȓI�ǣ˔3ɰŖ÷ǰtč�˱ ɟʘǚŖ÷ǰʘ［�  

ȥ�ȕʹˌ�?�ʹˌ�Lüneburg Lens��à¿ 1.5ŋȓ�?�ʹˌǾǫǤƇ

¥4ø8ŅŽ®_÷ǾĖ˦ǋêɎǾɕǥ}ʹˌǾ£�ʨǺÑ�eŖ÷ǰtč�
 

! ! = !! 2− !
!

!
             (1.3) 

e��!!�ʹˌʨǺ4Ô�ÈǾŖ÷ǰR�!�ʹˌ�ÈǾ�İR�!�Ȃô
'ǲķBɍǾ�İÅƩ�?�ʹˌƇ�ȕɀƣ�ƐïƅěǷǾ�ȕ�ʯƇ»�è

fƑô'~ʼƠɾªǳǾŖ÷ǰ �4�îǷǾ�ɗľ�?�ʹˌǾßÑÁ'Õ

Ž®ɕǥ�Ǧɑ�ȁ}Ȁ�ô' GRIN ǾîǱ$¤Áĵǋ˯ǰǾěǷ�Ƽàɕǥ

ʰ_［ÏǿØȹ[2,3,4]�ȍȜ-±ʫǷtăƝŸŨ~Ŗ÷ǰĘğȢʖëɵă˦Ǿ?�

ʹˌ�ʺʪĠ�ȷȫĖơ��ƙĘʺʪŏŴǳɸ~ʼŖ÷ǰǾŭFƹ˶�ȍȜ-

±$îǱ%ȲÔ?�ʹˌǾ~ʼ�Ià�YaoȦ-ʺʪŰ ɩɚ�ĝƠŨ~ƑųŖ

÷ǰ�AƇǸ'ȂôʤùǾ�ĝ�ʁÒăǾƱĢMĴ�}ĲßǾ＝~[5]�HǷǜ 

�ĝǾ`/ʒʯ�ưĻ$¥4ɱěǷ}ȦȔã?�ʹˌ4yʼŋˢǾƱĢ�AƇ

1ˊĆɰ˦ɑƠǾƘį>Ŭţɒ0ƂƀǉiïȐ\ǹã¸6��MHǷ%\çǍ
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ǒÏǿ/ʒ[6,7]�?�ʹˌƇɈµǸ\ȳɓªʰ_Ȑ\ã¸6ʪȚ�Ǿ�ôoǱʍ

ĲßǾŧ¢� 

 
¿ 1.6 ?�ʹˌ�Ȳɟ�\ȹȓI�ǣ˔3ɰŖ÷ǰtč�˱ɟʘǚŖ÷ǰʘ［�  

1.4 ?�ʹˌǾʹˌȦĢ  

Ážʣʬ@�¥4ũör?�ʹˌǾʹˌȦĢ�ƬťqE\ç�˲[ȑìȥ

�µȥ&�Ė˦ǾBɍ� 

1¿ 1.7¥4Ĵr�Ė˦�Principle planes��ɨȹ�Ʀ�gÇ\ȹʟʴȞʪʹ

ˌ�ʅ\ȹĉLĖɮ'\ʣ_÷�èɕǥÁʹˌ¦LʨǺ�Ǥ B�Ñ�Ǹ'¥ʷľ

�ǳ�¦L4«ƪŽ®_÷Ǿ\ȹøǈȇ«ƪǾ\ȹʟʴ4 A ǤĖɮ\ʣ÷r�

Ǹ'?�ʹˌǾǲôȘǫľ�ʯƟ\ȹøc'ɫȹ lôȘ�à¿ 1.7�a��»Ƹɷ!�
ɷ!′ȂȦ�∠!! = ∠!�∠! = ∠!�ʺʪ�®Ğˍr÷\ȹ�_÷\ȹ¥4Ĵ}ȥ&
�Ė˦�Ǹ¿¥Ĵȥ&�Ė˦ʺʪǲķ�«ƪǾ�ȥ��Ė˦$ʺʪǲķ� 

Ǹ'Ĵ}%���Ė˦�ň5¥4ũörʹˌȦĢ�SʁǪDB'ʜȔʹˌ

ĉLʨǺ z Ñ�xeWB'ʜȔʹˌ¦LʨǺǾ z’Ñ�à¿ 1.7�b�ŋȓ�ʹˌ
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ȦĢ¥4ɰȓ� 
!
! +

!
!! =

!
!                (1.4) 

e�! = ! + !�!! = !! + !Ę�! = !�»Ƹ 

!!! = !!                (1.5) 

ʯþƇÁžʣʬ@�?�ʹˌǾʹˌȦĢ� 

  

(a)           (b) 

¿ 1.7 ?�ʹˌȦĢǾũö��a�mìȥ��ȥ&�Ė˦��b�ũöʹˌȦĢ�˻ɟÀ

j�?�ʹˌ�ÆȁǾɇȹ��Ė˦�ɨȹ�\ȹʟʴ�  

1.5 ʀŷɀƣ  

Ƙŷ�ɳȍȜǜ Ŗ÷ǰʹˌǾŇWǫľ�Ǹ'>Ƀ\ç�ɺȨ\ȹʵʴǾ

Žǉʤ˟ěǷ}ǜ Ŗ÷ǰʹˌɀƣ��»Ƹģ_ǂñûˬ\ȹʵʴŽǉʰɮ\

ȹʵʴ�ȥ&ȣ�ɳ/Ⱦǂñûˬ\ȹʵʴŽǉǾ�ǳ�ǂñûˬ\ȹʵʴŽǉ

�ɳt�ĄĔǂñûˬµ�Ʌǂñûˬ�ĄĔǂñûˬ�Ƈø\ȹ>ŬƬťƲ®

ĄĔ�ǈ z ʣɮʰ�vtʟʴ�ɑ�Ʌǂñûˬģ_£Ô���ƃˏ� －�1

ɑɸűr z  －�]ƒ%ĄĔǂñûˬǾĂ＝ľ��Ƹ«ƃ�ø�ƃˏ� －Ş

ǧŖ÷ǰʰɮPƷ��ø«�ƃ��«\ȹɃ�ʖƠ�ʯƪ¥4ɤ�ǋ�Oł�

ʯȕŰʰǾ�ɅǂñûˬŇ��Ʌ\Țǂñûˬ�ȥ�ȣ/Ⱦ˸ƭȷtčŽȚǾ

�ǳ�ľʒ�eÁ\ç�ǾěǷ�˸ƭȷtčŽȚƇ�ȕȬ@'VȢ§ ŤǾȝ

ˏ	˯ǰÈ Ť����«ǾƇ˸ƭȷtčŽȚ��ȕĂ˂˯ǰ�ʅŽȚ¥4«

ƃÁȝˏÈ�˯ǰÈjɰȓO¨�ʯ�«ƃɰȓȝˏ	˯ǰǾŪʳ�qE\ç�

Ǿ\ȹưĻƢ�Ȃ@�ÁƦȕŅ���˸ƭȷtčŽȚ¥4ǳɸ�\ȹħĝ�˸
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ƭȷtčŽȚîǱ%øqE\ç�Ǫǳ\çʲŧʖƠǾĈf�ȥ¹ȣ/ȾʫǷǂ

ñûˬ�˸ƭȷtčŽȚʰɮǾ?�ʹˌǾ\ȹʵʴ�ģʳĘtƤ�ȕˤ²Ɩȷ

ȫɀƣ?�ʹˌǾî˵ɀƥĘøe�ʺʪƑ＝YtƤŽǉ FDTD ʰɮƼʤ�Ǯń

ɀƥǾ�«Ơɛ'\ȹÁ>ŬʪȚ��Ƕ%Ŵ÷�ʫǷ˸ƭȷtčŽȚôɮʰʪ

Ț�Ǿ\ȹʰɮħĝ�Ž®Ǿʊ~ôSʁʰɮ˵ʂ� 
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2 ǂñûˬ\ȹʵʴ�ǳ  

2.1ǂñûˬ\ȹʵʴ/Ⱦ  

\ȹʵʴƇ�ȕô'ǋŉȭã4Né�ǂñûˬ��ʺʪ/ʒŉȯɃƃǾʺ

ǷǾʝİǶŇŽǉ�ʯ�ŽǉČȿɱęǊHǷ'ȖçȍȜˮÈ�ʈàƿ�Ðç[9]�

Âˣç[10]�ȦȔãǪǳ[11]�ʥ÷Ǫǳ[12]�\ç[13]Ȧ�Á\çˮÈ�ýeƇ\çʁ

ɺ�ĈȚ�\ȹʵʴɱęǊǾěǷ�Ià�\çʁɺʢ6�à ZEMAX�xƇÉ'

\ȹʵʴŽǉǷ4ʁɺ\çȯɃ�\ȹʵʴÁʁɺ�tƤǜ Ŗ÷ǰ

�GRadient-INdex, GRIN�\ç¸6ýeƑđ��ǜ Ŗ÷ǰʹˌ�GRIN lens�[14]

fƑǜ Ŗ÷ǰtč�ʯƪ\ȹøǈȇƍȹɑˤȁȹ>Ŭ�\ȹʵʴūJ�ȕʬ

@'˺]Ż˧ŽȚȺǾɸ�ĘÉ'ǪDÿóʱ×'ǋˍǾSʁ� 

Sʁ GRINʹˌfƑŖ÷ǰ!(!)�\ȹʝİǸ\ȹŽȚmì[15,16] 

!
!! ! ! !!

!! = ∇!!(!)�             (2.1) 

e�!(!)ɰȓÁBɍ!ÑǾŖ÷ǰ�Ƿ s �－�\ȹʟʾ�ɿÕ\ȹʵʴœƙ

ɱūrĘěǷ�e��ŜƧÅƩ\ȹʵʴ[17]�ɸƤ\ȹʵʴŽǉ[18,19]�ĵtŽȚ

ǾÕ˩ĢɸŽǉ[20]ȦȦ�ô'×ÕŵǱƑŽǉ�ũörǾ\ȹʵʴȦĢƇʺʪƩ

oŵRœĊIà˽Ě	ĚÌŽǉ� 

ǂñûˬ\ȹʵʴ[21�22]ƇÉ'ʓ˳ƢR�ǳ[23]�\ȹʟʴǟʚÉ'řƭƓƁ

�ʓ˳�ǳɑörǾǂñûˬȦĢ�Áʯ＋ǂñûˬǟʚ�－éŀ�ʯȕȬÇǾ

\ȹʵʴƇƘȣ�ɳɼʀǾʄ˰� 

˜ȇÁ\ãƋD�ʗƝŸȦŽ˦ǾȍȜ�ěǷǾǚ_�ʯ)/ʒ�Ǿ\ȹ>

ŬfƑĲ［Ǿ，ɳľ[24,25]�ô'ʯ�ˎ˰Ǿ��>ɃǾɸmŽǉƇƃÈƑ＝ċt

Žǉ�finite-difference time-domain, FDTD�[26]�Ǧɑ�\ȹʵʴʺĒÁɺȨ�ʤ

FDTDƎ�［ų[27]�ǂñûˬ\ȹʵʴ$ɱŏą}\ãƋD[28,27]4Ƿ'［ʻ¥˥Ǿ

\ȹ>ŬtƤ� 

ô'ʗƝŸ�25ĿƇɱĩFƑų/ʒ»�ŭFǾ\ǋˍʱ×'�BƋ��

»Ƹ¥4ǶŇȂěǾƑųŖ÷ǰtč�4ʯȕŽĢ�¥4ğȢʖʗƝŸ�ȂěǾ

GRIN /ʒǾȬƼ[10,29]�GRIN /ʒ\ȹʵʴŽǉtÁô'ʗƝŸǾtƤÉȏ�Ū

Ɂ\ȹ� 
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ƘȣʺʪĄĔ�screen���Ʌ�3D�ǂñûˬȧ�/Ⱦǂñûˬ\ȹʵʴ�

Ǹ'25ǾŵR＝~�ģ_�ȕÉ'\çʝİˍĝǾ�Ʌǂñûˬ\ȹʵʴŽǉ

F�ŏą� 

 

¿ 2.1 ĄĔ��Ʌǂñûˬ\ȹʵʴǾqEɀƣ  

 

2.2ĄĔ��Ʌǂñûˬ\ȹʵʴ  

ǂñûˬ\ȹʵʴ[21,22]Ơɛ'ʓ˳ƢR�ǳĘ�ô'©®«ľŉġľǾ/ʒ

˃¥ěǷ[30]�>ɃŅ��efƑ�ȕīĢ�t|ɱȘFĄĔǂñûˬ�Screen 

Hamiltonian���Ʌǂñûˬ�3D Hamiltonian��Ƙɠȧ�/Ⱦ�ɐǾ¯���

|� 

ǂñûˬ\ȹʵʴǾqEɀƣÁ¿ 2.1�ƈȓ��ȕɰȓǾ�ɳ�|Á'ɰȓ

\ȹʟʴǾ�ŵ�ĄĔǂñûˬʫǷ\ʣ z Ęø x µ y F��ĄĔ��ǾÅƩ�

ɑ�ɅǂñûˬʫǷʟʴ�Ǿ�ŵ sĘNŝŋƑ���ŵF�Bɍ��－Ǿɰȓ� 

ʓ˳�ǳì�%\Ț�optical path length, OPL�� 

ℒ ≡ !(!)!"!                (2.2) 
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e�ΓƇ\ȹʝİ�!"ƇǈȇΓǾĤˍĵY�ǌŅʯ＋Ǿ! ≡ (!! , !! , !!)ǷƠɰ

ȓBɍ�! ≡ (!! ,!! ,!!)ǷƠɰȓ�－� 

ô'ĄĔǂñûˬ�Bɍµ�－ì�Á x-yĖ˦��»Ƹ25Ƈc' zǾsŵ
 

! z = (!!(!), !!(!))�! z = (!!(!),!!(!))       (2.3) 

ʯƪ�OPL¥4ɰȓ� 

ℒ = ! !,!, ! !"!!
!! = ! !, ! ! ! + 1!"!!

!!        (2.4) 

e�! !,!, ! �\çřƭƓƁ�optical Lagrangian��!(!) = !"
!" ,

!"
!" Ę�!!�!!

ɰȓzâ�Ɛȼ z�ĄĔ�Ǿʟʴ� 

\çřƭƓƁˢɳǟʚƶřȦĢ�Euler’s equation� 
!"
!! −

!
!"

!"
!! = 0               (2.5) 

ʯ＋�ʺʪHǷ�ɽĶ Ť�Legendre transform� 

! ≡ ! ∙ !− !               (2.6) 

øřƭƓƁ LƏŤ�ǂñûˬ H�ƐȼĴ}ĄĔǂñûˬȦĢ 

! = !"
!! = − !

!�! = − !"
!! =

!
!
!"
!!           (2.7) 

e� 

! = − !! !, ! − ! ! = −!!           (2.8) 

ĄĔǂñûˬ HǾǪǳ¯�Ƈ zŽ®�Ǿ�－!ǾʏR�fƑǂñûˬȦĢ�
\ȹʟʴ¥4Ǹʈà·�ʢ6 MATLAB®�Ǿ�ODE45�ŵRŽǉǀɸ�ʅŽǉ

ʫǷƈĢ˽ƭ	ĚÌǉ(Runge-Kutta formula)ɺȨ�¿ 2.2 � GRIN ʹˌ�eŖ÷

ǰì��! ! = 2− !!�Ǿ\ȹʵʴųƥ¿� 
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¿ 2.2 GRINʹˌǾĄĔǂñûˬ\ȹʵʴųƥ¿�! ! = 2 − !! 

AƇ���ǡÁǾɊ˛HĴʅŽǉfƑ�ìĂ＝ľ�ODE45 ˼ɻɺȨǈ�z

Ž®ɮʰ�ɢ\ȹʟʴrǱſʠŉʭºǈȇ	zŽ®>Ŭ�xʅŽǉøÛʑ� 

ʯ�ˎ˰¥4ʺʪHǷ�Ʌǂñûˬ�three dimensional Hamiltonian�\ȹʵ

ʴȦĢˀ^�3DǂñûˬʫǷ�－ sƠø\ȹʟʴ�－��� 

! ! = !! ! , !! ! , !! ! �! ! = !! ! ,!! ! ,!! !     (2.9) 

»ƸÁʯ＋\çřƭƓƁ � 

! !,!, ! = !(!) !               (2.10) 

e�! s = !"
!" ,

!"
!" ,

!"
!" �(ds)

! = (!")! + (!")! + (!")!� 

ʺʪǈɲ���Ȃ@Ǿũö��ɅǂñûˬȦĢ� 
!!
!" =

!"
!! =

!
!�

!!
!" = − !"

!! =
!!
!!           (2.11) 

e� 

! = ! − !(!)               (2.12) 

à¿ 2.3 ŋȓ�ʯ�ŽǉěǷ'�˻ǎÇ�Ŗ÷ǰ�!(!)~ !
!�Ǿɀƥ�Ʒà

˭ɺ�\ȹÁ>ŬʪȚ�ſʠĘŧʬ��ķ��ʯ�Žǉɸm%ĄĔǂñûˬǾĂ
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＝�e��»Á'Áʯ�Žǉ��\ȹĿƇǈȇ+sŽ®>Ŭ� 

 
¿ 2.3 ʫǷ�Ʌǂñûˬ\ȹʵʴŽǉɺȨǾ\ȹʵʴųƥ�ʯ＋ǾŖ÷ǰtč�

!(!)~ !
! 

2.3 �Ʌ\Țǂñûˬ\ȹʵʴ  

ÁƘɠ���%ũ�ǋ�ǾǶŇĘūJƎÕǪǳ¯��ø�Ʌǂñûˬ\ȹ

ʵʴŏą��Ʌ\Țǂñûˬ\ȹʵʴ�à�ŋʳ��Ʌǂñûˬ\ȹʵʴʫǷ s

Ơøî；\ʝ�－��Ǧɑ�\ç�ʫǷ\Ț�OPL�ƠƎ�ȁɵÂɰȓ\ʝ�Ǹ

'HǷ\Ț�ǋ�¥4Ǹ\ȹʵʴɀƥȧ�Ǿ,Ƕ�eŽȚũöà�� 

�ʫǷ s�ɑʫǷ!! = !(!)!Ơø\ȹʝİ�－��\Ț�OPL�»ƸɑŇ� 

ℒ = ! !"
!!!

!
+ !"

!!!
!
+ !"

!!!
!
!!!!!!

!!!
         (2.13) 

\çřƭƓƁ � 

! = ! !                 (2.14) 

e� 
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! = !"
!!! ,

!"
!!! ,

!"
!!! = !

!
!"
!" ,

!"
!" ,

!"
!"           (2.15) 

»Ƹ 

! = !
!�! = 1               (2.16) 

�－¥4ɱɰȓ� 

! = !"
!! = ! !

!                (2.17) 

ǸƸ 

! = !                (2.18) 

»Ƹ 

! = !∙ !
! = !

! !                (2.19) 

Á OPL�Ǿ�Ʌǂñûˬʺʪ�ɽĶ Ťì�� 

! = ! ∙ !− ! = ! ∙ !
! ! − 1 =

!
! − 1          (2.20) 

'Ƈ�ǂñûˬȦĢ� 
!!
!!! =

!"
!! =

!
!
!
!�              (2.21) 

!!
!!! = − !"

!! =
!
!
!"
!!              (2.22) 

3D OPL ǂñûˬ\ȹʵʴ��âǾ 3Dǂñûˬ\ȹʵʴ¤�|ÁƩ－»ã

1/!� 

ʯ＋4?�ʹˌ�Luneburg lens��I�Sʁʹˌ�İ� 1Ę�fƑŖ÷ǰt

č! = 2− !!�²ʨƝŸŖ÷ǰ!! = 1�?�ʹˌ¥4ø�ƞĖ˦ǋǁɕ}ʹˌ

ô˦ǾǳńqEǤ[31]�ǸMATLAB®Ǿ ODE45ɺȨɑĴǾ\ȹʵʴɀƥ�ǋ�ƈ

ĢÁ¿ 2.4��Ǹ¿¥4ɵò}�ƞĖ˦ǋǁɕÁʹˌǾ¦LʨǺ�Ę�ŋƑǁɕ

ÁǥǤÑǾ\ȹ˃fƑȂ«Ǿ\Ț�OPL��ʯƷƇ?�ʹˌǾľʒ� 
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¿ 2.4 ʫǷ 3D OPLǂñûˬ\ȹʵʴŽǉɺȨǾ\ȹ�ǋ��1ĉL_÷Ė˦ǋ�  
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3 ˸ƭȷtčŽȚÁ\çǾěǷ  
Á 1932ė˸ƭȷ�Wigner�ø�ȕtčŽȚģ_�ç[32]�1ɑîǱ%ÁȂB

ȝˏ�Ūʳ�çǱʍǾ�ɗ�˸ƭȷtčŽȚÁ 1968ėǸǅûǫ�Walther�ģ_

\çˮÈ�4Ɩø˂tȂĕ�ʥ÷çɔȯÁ�ʖ�qė­�˸ƭȷtčŽȚk�

Ƶɱģ_}\çˮÈ�ýeƇVȢ§\ç��1ˁƃʖ�ǗǱrĲÕ˸ƭȷtčŽ

ȚǾěǷ�Ƙȣøô\çˮÈ�Ǿ˸ƭȷtčŽȚ�eěǷʰɮº˫� 

\çȯɃǳʀÁVȢ§\çŽ˦Ĵ}%ɞßǾ�ą�£Ô�Ž˦�qE\ç

$ūJ%�ÞɞßǾ\çȯɃǳʀ�ɑàEø�ȕǳʀƑƚÂɀªʖƠ�xƇǱ

3\çǳʀ�ʤ�żdǾʉ˰�˸ƭȷtčŽȚǾFǷxƇø�ɐȁŧɔȯʖƠ�

ô\çO¨�ȯɃǾŪʳ�ň5˲[ʺʪģ_O¨Ǿ˸ƭȷtčŽȚ�Ǧ­kʰ

�ƹtƤe�qE\ç�\ȹǾưĻǾȂ@�Ñ�˸ƭȷtčŽȚĘ��＝'ȑ

ìO¨�$«ƪʶǷ'˂tȂĕ\O¨�Á­ɐǾŃn��˸ƭȷtčŽȚ�Ǹ

ǅûǫ�Walther�ģ_Ǿę�ʥ÷çȂȬ@[33]�ÁÑǳ\çȯɃƃ�ň5¥4Ş

ǧe˸ƭȷtčŽȚğȢʖʧ_O¨�ʧrO¨�ˏǾcȯ�Áʯȕcȯ��ȯ

ɃǸ��˸ƭȷtčŽȚɰȓ� 

 

3.1˸ƭȷtčŽȚF��ȕĂ˂˯ʌ  

ƑƃŪʳ��ȝˏO¨!(!)�Á˯ǰÈjʺʪ˯ǰʌɰȓƼÁȝˏÈjɰȓƎ

�ŽM�IàĒɴǾVȢ§ Ť 

! ! = !(!)exp![−!"#]!"              (3.1) 

e�Ȥ¨�˦ƩȓƲȹɰȓň5Á˯ǰÈjÑǳʯ�ŽȘ�VȢ§ ŤǾ˯

ʌƈȓ%O¨ɗ－Ǿ`Ătč�Ǧɑ�ň5ʺĒƎôĂ˂ɗ－tčņdʙ�Ià�

qE\çʺĒ4\ȹǾīĢɰȓO¨�Ęʺʪ\ȹÁƦ�ǤǾŽ®�ȝˏ˯ǰ�

ɂrô'O¨ǾŪʳ�»Ƹ�ň5ʃ¿õŒ�ȕɱȘFĂ˂˯ʌǾO¨ɰȓŽǉ�

Ƙɠň5/Ⱦ�ȕĲªʶǾŽǉ�˸ƭȷtčŽȚ�Ęɏɪe�e2O¨ɰȓŽ

ǉ�ˏǾcȯ� 
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3.1.1˸ƭȷtčŽȚǾì�  

O¨!(!)Ǿ˸ƭȷtčŽȚ[32, 34, 35, 36, 37, 39, 40, 41]ì�à�� 

! !, ! = !(! + !
! !

!)!∗(! − !
! !

!) exp![−!"!!]!!!        (3.2) 

e�Ɔ¨ɰȓsŵǾÓŵbʡ�Ģ�3.2�Ǿì�˲[Ǹ E. Wignerģ_�çȍ

Ȝ[32]ĘÁȂBȝˏ�ūJ%ô�çǱʍǾŪʳ� 

˸ƭȷtčŽȚ¥ɱɶ��ȕɗÖɰȓO¨Ă˂˯ʌǾŽȚ�Ǿȑ�ø x F

��ŵ�ì��Ǿȗt3ɰ%ô"ȗ!(! + !
! !

!)!∗(! − !
! !

!)ǾVȢ§ Ť�˯ǰ －

� u��˚%ȝˏÈ�Ǿì��ʮƑÁ˯ǰÈ�Ȧ7Ǿì�� 

! !, ! = !
!! !(! + !

! !
!)!∗(! − !

! !
!) exp![−!!!!]!!!       (3.3) 

˸ƭȷtčŽȚ! !, ! «ƃÁȝˏµ˯ǰ�ɰȓO¨�'ƇīŇ%/'ȶȝˏ

ɰȓ!(!)�ȶ˯ǰɰȓ!(!)�ˏǾ�ȕO¨ɰȓ�ɑ��ʯ�«ƃɰȓȝˏ	˯ǰ

ǾŪʳ�qE\ç�Ǿ\ȹưĻƢ�Ȃ@�e��ƞ\ȹǾBɍµŽ®$ɱ«ƃ

ɂr�ÁƦȕŅ���! !, ! Ƈ\ȹǾħĝ�ʺʪǤ x ĘfƑ˯ǰ�$��Ž®�

u� 

c'˸ƭȷtčŽȚ�fƑ4�ľʒ�èƇ��îŽȚ�Ę�q ƇôO¨

ǾêŶŪʳ�ȑî�1�ì�(3.2)�(3.3)ȂôěǾʷ®cȯ� 

! !! !∗ !! = !
!! ![!! !! + !! , !]exp![!"(!! − !!)]!"       (3.4) 

� 

! !! !∗ !! = ![!, !! !! + !! ]exp![−!(!! − !!)!]!"       (3.5) 

¥4Ĵrɀʀ�O¨¥4Ǹe˸ƭȷtčŽȚ，ğĘĐƑ��ŀìȂB»ã�

Ǧɑ�ʯ�ȂB»ãʺĒĘ�，ɳ� 

Ă˂˯ǰʌ�à˸ƭȷtčŽȚ�«ƃÁȝˏ x �˯ǰ u �ŪʳO¨�Ǧɑ

èƇǸ�� －ör��� －ǾŽȚ�»Ƹĸ˪ǟʚƦ)＝~��ĘˤŋƑf

Ƒ� －ǾŽȚ˃ƇĂ˂˯ǰʌ�Ă˂˯ǰʌĸ˪ǟʚǾ＝~��ç�ǾǓƮÊ

�ȑì�ǳȂôě�e�ːʳ%«ƃʪ'ȮȑǾmìȭãǾBɍµ�－OłƇ�

¥ɗǾ� 

örƦ�� －ŽȚĸ˪ǟʚǾZtĸɳƟ64Ň�˸ƭȷtčŽȚĘ�¼



Ǒ、×çƘȖǶƽ�ʀŷ                              É'ǂñûˬ�˸ƭȷtčŽȚǾ?�ʹˌ9ȅ 

19 

˟�Ʀ�îŽȚ! !, ! ¤Ƒǟʚ4�Ɵ6[42]ŌɗŇ�˸ƭȷtčŽȚô'8Ņ aµ

b 

! ! + !
!!, ! + !

!! ! ! − !
!!, ! − !

!! =
!
!! ! ! + !

!!!, ! + !
!!! ! ! − !

!!!, ! − !
!!! exp![−!(!!! − !!!)]d!!d!!               (3.6) 

3.1.2˸ƭȷtčŽȚǾȂcŽȚ  

˸ƭȷtčŽȚƇ�ȬˤĒęǊǾȝˏ	˯ǰŽȚǾ3ɰ[40,43]�25Ȃ(�

ˏʺʪȹľ ŤȂɔȯ��)ǨȉǾȝˏ	˯ǰɰȓ�à;ĶǅĶǾƱƯŽȚ

�Woodward’s ambiguity function� [41,44,45,46]� Rihaczek ǾÓɗ－ñĝŽȚ

�Rihaczek’s complex energy density function��4�˳]Ǫǳʌ�Mark’s physical 

spectrum�[18]�˃Ć'ʯ�Ȭ�;ĶǅĶǾƱƯŽȚ! !!,!! ì�à� 

! !!,!! = !(! + !
!!!)!∗(! − !

!!!) exp![−!!!!]d!       (3.7) 

ʺʪ���VȢ§ Ť�˸ƭȷtčŽȚȂcɔ
 

! !,! = !
!! exp![!(!!! − !!!)]!(!!,!!)d!!d!!       (3.8) 

RihaczekǾÓɗ－ñĝʌ! !,! �ì�� 

! !,! = !(!)!∗(!)exp![−!"#]            (3.9) 

ʺʪ�ȗ�˸ƭȷtčŽȚȂcɔ
 

! !,! = !
!! 2exp![−2!(! − !!)(! − !!)]!(!!,!!)d!!d!!      (3.10) 

Óɗ－ñĝŽȚǾî˂!(!,!)ʺʪ�ȗ�˸ƭȷŽȚȂcɔ 

!(!,!) = !
!! 2cos![2(! − !!)(! − !!)]!(!!,!!)d!!d!!        (3.11) 

e�˸ƭȷtčŽȚǾîŵľɱěǷ�MarkǾǪǳʌ�ɱì��O¨!(!)�
ȡsŵ!(!)Ǿ*�ƱƯŽȚ�cross-ambiguity�ĖŽƱ!!(!,!)� 

!! !,! = !(!)!∗(! − !)exp![−!"#]d!           (3.12) 

ʺʪ4�cȯ�˸ƭȷtčŽȚȂcɔ 

!! !,! ! = !
!! !!(!! − !,!! − !)!(!!,!!)d!!d!!       (3.13) 

e�!!(!,!)3ɰ%ȡsŵ!(!)Ǿ˸ƭȷtčŽȚ�ǌŅŽȚ!! !,! �ʆ˨
Ñǳ�ǾȋƃVȢ§ ŤȂ@[47]� 

à�ŋwǾȝˏ	˯ǰŽȚĆ'�ȕęǊǾȝˏ˯ǰŽȚȬ|�ɱȘ�ȖŁ
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Ȭ�Cohen class�[43]�ʯ�Ȭ�Ǿ8EŽȚ˃¥4ǸƉʺŽȚŋɰȓ 

!
!! ! ! + !

!!! !∗ ! − !
!!! !(!,!, !!,!!)exp![−!(!!! − !!! + !!!)]d!d!!d!! 

                     (3.14) 

ejƫ!(!,!, !!,!!)ǸȖŁȬ�ʸś��ǫƺǾŽȚ�Ià�˸ƭȷtčŽȚ
¥Ǹ! !,!, !!,!! = 1Ĵ}�ɑ! !,!, !!,!! = 2!"(! − !!)!(! − !!)¥4Ĵ}ƱƯ
ŽȚ�Ƙȣøȇ，tƤ˸ƭȷtčŽȚɑ�ɏɪȝˏ	˯ǰŽȚ�Ǿe2Ň±� 

3.1.3ŏąɜ˜ƚO¨  

˸ƭȷtčŽȚKʔ'O¨Ǿ&ƵŽ�ʯŅ³ȇO¨ǾȹľȺªøöɝŋƑ

ȕ*� WDFĘ�Ĵ}Ǿ WDFĘ�.Ƈ©ɛO¨ WDFǾȹľȺª�“ȩÁƦ)

Ńn�ʯ=Ň��ȕ���A&ƵKʔcȯ$¥4Ň�<��WDFǾ&Ƶ4Ơɮ

�Ƈň5¥4øʯ�ǳʀŏą}˜ƚO¨ɑˤȑȉO¨�ɑ�Ę�=Ï�ŽȚǾ

Ʌĝ� 

Sʁň5Ñǳ��˜ƚO¨! ! �e¥4Ǹ"ȗ! !! !∗(!!)ǾĿDÄRŪʳ�

ɱȘ�ȂcsŵΓ !!, !! [46]
 

Γ !!, !! = !{!(!!)!∗(!!)}               (3.15) 

ʯ�˜ƚO¨Ǿ˸ƭȷtčŽȚ¥4ɱì��[36, 37] 

F !, ! = Γ ! + !
!!!, ! − !

!!! exp![−!"!!]d!!           (3.16) 

ʯ�ì���âǾôȑȉO¨Ǿì��3.2�Ȧ7�A"ȗ!(! + !
! !

!)!∗(! − !
! !

!)Ə

Ť�ȂcsŵΓ ! + !
!!!, ! − !

!!! �­�˩ì��3.16��ǅûǫǾƉʺʥ÷�Walther’s 

generalized radiance�[33]Ȃ@�ʅǳʀǾʯ�ŏąHĴň5¥4ʺʪ WDF ô˂t

Ȃĕ\ʰɮŪʳ[36]� 

3.2˸ƭȷtčŽȚ�I  

ň5ʺʪVȢ§\çǾq�IãːʳWDFưĻ�Ƹƃ�ň5øO¨īĢ＝~

Áƃˏ	µʋ\çO¨! !, ! = !(!)exp![−!"#]�e�ǾƃˏǭȢľ�[˵Ɵ6�Ó

Ţē!(!)ČȿūJôO¨ǾZtŪʳ�»ƸÁŽȚ�øƃˏǭȢľȃǼ��ŽMʖ

ɴ�ň5＝~Á�Ʌȝˏsŵ!(!)ɰȓÓŢē�ô'ÕɅǾŏąʤ�ȁŧ� 
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3.2.1 Ǥ\ǝ  

B'Bɍ!!ǾǤǝ¥4Ǹɘlsŵ! ! = !(! − !!)ŋɰȓ�e WDF ǾīĢ�

! !, ! = !(! − !!)�Á�Ǥ! = !!ŋƑ˯ǰ˃æÁ�AÁe2ǤxĘƀʐǯ�ʯƷƇ

ň5ô'ǤǝĂ˂˯ʌŋƖıǾ�eȓŅ¿à¿ 3.1ŋȓ� 

 

¿ 3.1 Ǥ\ǝǾ Wigner ŤȓŅ¿�  

3.2.2 Ė˦ǋ  

ȥ&�Iãň5ɏɪ�ƞĖ˦ǋ�Á˯ǰÈǸ˯ǰɘl! ! = 2!"(! − !!)ɰ
ȓ�ŉɐȦ7ÂÁȝˏÈʺʪµʋO¨! ! = exp![!!!!]ɰȓ�Ė˦ǋ�ǤǝĭƸ
´ě�$���ŽȚǾVȢ§ Ť�£��ŽȚfƑ«ƪǾīĢ�Ƭťʯ�&Y

ľ��ƞĖ˦ǋǾ WDF ø�Ǥ\ǝȂ«�AÁȝˏ	˯ǰÈſʠ 90 ĝ�Ǿȑ�

Ė˦ǋǾWDFǾīĢ�! !,! = 2!"(! − !!)�ÁŋƑǤ��¤Ƒ��˯ǰ! = !!
rǱ�ʯƷƇň5ôĖ˦ǋǾĂ˂˯ʌŋ˭ƖǾ�à¿ 3.2ŋȓ��ʫǷMATLAB

ʢ6îǱǾĖ˦ǋ9ȅ� 
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¿ 3.2 Ė˦ǋǾ˸ƭȷtčŽȚȓŅ��¿�Ė˦ǋǾ˸ƭȷtč¿�Ǹ'�}9ȅʪ

ȚȔŴ）ƪǾĬ¶�¿W�rǱǘǠǬƟȸ��¿� WDFǈ xŽ®ŔĬ��uŽ®Ǿȗ

t��¥4Ȅ}Á xʣǾtč�_÷ħĝtč�ɝ�  

3.2.3 &ƵŽȂBO¨  

&ƵŽȂBO¨! ! = exp![!!!!!!]3ɰ%�ɜúô'ʤùǾ x�$�žʣʬ@�

�ƞǲīǋeƍǰȦ'!�ʯ�O¨ǾWDF�! !, ! = 2!"(! − !")�Ę�ň5Ŀɀ

Á8Ņ�Ǥ x¤Ƒ�ȕ˯ǰ! = !"ƈȓ�ʯ�ǲ˦ǋǾ\ȹ¿Wê`�ɝ� 

3.2.4 ［ŻO¨  

ň5ɏɪ［ŻO¨ 
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! ! = ( !!!)
!
!exp![− !

!! ! − !! ! + !!!!]           (3.17) 

e�!�ƷR�ʯ�［ŻO¨Ǿ˸ƭȷtčŽȚ� 

F x, u = 2exp! − !!
!! ! − !! ! + !!

!! (! − !!)
!          (3.18) 

ǌŅʯ�ŽȚÁ x µ u �˃�［ŻŽȚ�4ȝˏ	˯ǰǤ(!!,!!)��ķ�e

Á x-Ž®µ u-Ž®ǾƑųðĝƬť©ɛŽ®ǾĨ��Ǿ&˔�ÚȊ!
!(!! 2!)µ

!
!(2! !!)ɑĴ� 

ĩň5ɏɪ［Ż\ƞƃ�ň5ˢɳÑǳ［ŻO¨�&ƵŽȂBO¨Ȃ"ǾŃ

n��� 

! ! = ( !!!)
!
!exp![− !

!! !
! + !!!!!!]            (3.19) 

ʯ�O¨Ǿ˸ƭȷtčŽȚǾīĢ� 

F x, u = 2exp! − !!
!! !

! + !!
!! (! − !")

!           (3.20) 

ø［Ż\ƞɏɪŇ��&ƵŽȂBO¨ĐƑÓŵƍǰ! + !(2! !!)ʤ�ŽM�
ʯ�ÓŵƍǰƑƃǾɮ�Ȭ@'ƉʺƍǰĐƑ&ƵŽȂBǾO¨�à¿ 3.3�a�

ŋȓ�［Ż\ǝǾ˸ƭȷtčŽȚ�¿ 3.3�b�ŋȓ�ʺʪǂñûˬȦĢɸrǾ

ǈ>ŬŽ®Ǿ［Żħĝtč[55]� 

  

¿ 3.3 �a��ɅŃn�Ǿ［Ż\ƞǾ˸ƭȷtčŽȚ��b�zâƟ6Ǹ WDFɂrǾ

［Ż\ƞ�e� x�Bɍ�p�®－�ŵRƬťƞə w0 ʰɮ%ʊŶ�ǋˍ�! = !!/20�
WDFĖ˦�Ǿ#�Ǥ�¿ a�ǾǽǤ�ôěȇ#Ɵ\ȹ�¿ b�ǾȲɟȪÜ��ƻ�B

ɍƈȓ%���«Ǿ\ȹŽ®�ȪÜǾˍĝƷƼ' WDFǾħĝ�  
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3.3˸ƭȷtčŽȚǾľʒ  

Ƙɠw�˸ƭȷtčŽȚ�Wigner distribution function�Ǿ�)ľʒ� 

1�ʷŽȚ 

� WDF ì�ȂôěǾ�®cȯČÁ�3.4���3.5��DǱ�î；��ʯ�

��®cȯƇÁì�Ʀ�� －ŽȚ¥4Ň�WDFŋĸ˪ǟʚǾƟ6
��c'

x µ u ǾŽȚ¤ƑĩÁcȯ�3.4�ŉ�3.5��¦Lȗt¥4àĉLīĢˁƪ¥t

Ȕ�ŌƇ��WDF�1cȯ�3.4���3.5�ň5ĴrɀʀO¨! ! �e˯ǰʌ!! ! ¥
4ǸWDF���Ē－ȂB»ã，ğ� 

2�îŵľ 

Ǹ˸ƭȷtčŽȚǾì�¥4ȁŧĴre��îŵŽȚ�AƇ�WDFĘ��

ìƇˤʏǾ�ʯHĴôʯ�ŽȚ�ɗȁŧɸˆ���ɗ－ñĝŽȚ� 

3�ȝˏ�˯ǰ＝~ 

Ǹì�¥4Ȅr�àƥO¨! ! �＝'Ʀ�ǫìǾȝˏˏ˝�eWDFx�＝

'Ȃ«Ǿˏ˝�Ȭ@Ǿ�àƥ˯ǰʌ! ! �＝'Ʀ�˯ǰˏ˝�eWDF$�＝'

Ȃ«Ǿˏ˝� 

4�ȝˏ�˯ǰșB 

Ǹì�ȁŧ¥ĴôO¨! ! ǾȝˏBșøöɝÁ WDF Ȃ«ǾBș�Ȭ@Ǿ�

Á˯ǰʌ! ! Ǿ˯ș�ôě'ôO¨! ! Ǿʊ~�$ôěÁ WDF Ȃ«Ǿ˯ș�

ʯ�ȝˏ�˯ǰǾBșľʒČÁ 3.3.4�ɏɪʪ� 

5��)ȦĢ��ȦĢ 

q�ô'WDFǾȗtfƑƄȑǾǪǳŅ��Ià�Á˯ǰ － uǾȗt� 

!
!! !(!,!)!" = ! ! !              (3.21) 

3ɰ%O¨Ǿħĝ�ɑÁȝˏ － xǾȗt� 

!(!,!)!" = ! ! !               (3.22) 

Ȧ'˯ʌǾħĝ�ʯ)ȗtÄ�ˤʏR�ô'Ŷ�ȝˏ	˯ǰÈǾȗt$Ƈ

àƸ� 

!
!! !(!,!)!"!# = ! ! !!" = !

!! ! ! !!"        (3.23) 

3ɰ%O¨ǾŋƑɗ－�ÁĢ�3.23���˟ɻrďɦǵûìĳ�Parseval’s 
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theorem�� 

3.4\çȯɃǾŏąsŵ  

ũö˸ƭȷtčŽȚàE>Ŭʺʪ��ȹľȯɃĘ�¼˟�Ʀ�ȹľȯɃø

��ʧ_Ė˦�ǾO¨!! Ť}ʧrĖ˦�ǾO¨!!�Ƭťň5ÁȝˏÈŉ˯ǰÈ

jŪʳʧ_µʧrO¨�¥4Ƿ¹ȕ�«ǾŽĢŪʳ�»Ƹ�ň5Ƒ¹ȕȦ7Ǿ

ʧ_ʧrcȯ� 

!! !! = ℎ!!(!! , !!)!!(!!)!!!              (3.24) 

!! !! = ℎ!"(!! , !!)!!(!!)!!!                 (3.25) 

!! !! = !
!! ℎ!"(!! , !!)!!(!!)!!!             (3.26) 

!! !! = !
!! ℎ!!(!! , !!)!!(!!)!!!             (3.27) 

e�¹�ȯɃsŵℎ!!�ℎ!"�ℎ!"�ℎ!!ê`ǸȯɃmì�cȯ�3.24�ƇÁȝ

ˏÈ�ĒǷǾȯɃɰȓ�ʺʪɘl¶ěℎ!!(!! , !!)�ÁVȢ§\ç�$ɱȘ�Ǥŏ

ąsŵ�sŵℎ!!(!, !!)ƇȯɃÁǤ x ÑÁȝˏÈôʧ_ɘlO¨!! ! = !(! − !!)¶

ě�cȯ�3.27�ƇÁ˯ǰÈjǾ��Ȃ@ǾȯɃɰȓ�sŵℎ!!(!, !!) ƇȯɃÁ

˯ǰ u ÑÁ˯Èôʧ_ɘlO¨!! ! = 2!"(! − !!)¶ě�ʯƇȧʋʧ_O¨

!! ! = exp![!!!!]ǾVȢ§ Ť�ÁVȢ§\ç��ʯƪ��ȧʋO¨Ƈ��Ƀ�Ǿ�

Ź_÷ƃʋĖ˦ǋȝˏǭȢɰȓ�ÁʯȕŃn��ň5¥4Șℎ!!(!! , !!)�ȯɃǾ

ǋŏąsŵ�cȯ�3.25���3.26�ƇǛªǾȯɃɰȓ�ʧ_�ʧrO¨Á�«È

jɰȓ� 

¹�ȯɃsŵℎ!!�ℎ!"�ℎ!"�ℎ!!fƑȂ@�Ñ�Ę�¹�ǂñûˬǫľ[15]¥

4ǷƠɰȓqE\çȯɃ�Ǿȑ�ÁqE\çȯɃ�Ǥǫľ�àǤŏąsŵǾȂ

B，ɳ[37]�Ȃ@Ǿcȯ$Áɷǫľ�ǋŏąsŵˏæÁ�«ƃ$æÁ'Ǜªǫľ

�ǛªȯɃɰȓ�ˏ� 

�«'¹ȯɃɰʩ�3.24�~�3.27��ĩʫǷ˸ƭȷtčŽȚŪʳʧ_�ʧr

O¨ƃ¤Ƒ�ȕȯɃɰȓ�ɀªȯɃɰʳ�3.24�~�3.27��WDFǾì��3.2�

�3.3�¥4Ĵ}à�cȯ 

!! !! , !! = !
!! !(!! , !! , !! , !!)!!(!! , !!)!!!!!!          (3.28) 

e�ʧ_�ʧrO¨Ǿ˸ƭȷtčŽȚʺʪ��，ªȗtȂɔȯ� 
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Áʧ_	ʧrcȯ�3.28��sŵ!(!! , !! , !! , !!)ê`ǸȯɃmìĘ¥4Ǹ¹�

ȯɃsŵℎ!!�ℎ!"�ℎ!"�ℎ!!ɰȓ� 

! !! , !! , !! , !! =

ℎ!! !! + !
!!!! , !! + !

!!!! ℎ!!∗ !! − !
!!!! , !! − !

!!!! exp −!!!!!! + !!!!!! !!!!!!!! =
!
!! ℎ!" !! +

!
!!!! , !! + !

!!!! ℎ!"∗ !! − !
!!!! , !! − !

!!!! exp !!!! !! + !!!!!! !!!! !!!! =
!
!! ℎ!" !! + !

!!!! , !! +

!
!!!! ℎ!"∗ !! − !

!!!! , !! − !
!!!! exp −!!!!!! − !!!!!! !!!!!!!! =

!
!!

!
ℎ!! !! + !

!!!! , !! +

!
!!!! ℎ!!∗ !! − !

!!!! , !! − !
!!!! exp !!!! !! − !!!!!! !!!! !!!!          (3.29) 

cȯĢ�3.29�¥4ɱɻ�Ƈ� WDF Ǿì��»Ƹ�sŵ!(!! , !! , !! , !!)fƑ

WDF ǾŋƑǫľ�Iàîŵľ�ȯɃ�ǾǪǳ＝~¥4ɱʯ�� WDF ɰʩ�I

à�ȯɃǾƀţľ[38]��ň5ɻ�ʧ_O¨�ʧrO¨ǾĿɗ－ȂȦ�»Ƹ¥4

ɱɰȓ� 

!
!! !(!! , !! , !! , !!)!!!!!! = 1              (3.30) 

īĢ��sŵ!(!, !, !! , !!)ƇȯɃÁȝˏ	˯ǰǤ (!, !)Ǹ!! !, ! = 2!"(! −

!!)!(! − !!)Ǿȝˏ	˯ǰÈǾ¶ě�ň5ʯ＋ħʊ¤ƇÁīĢ��»�Ę�æÁ�

�î；O¨e˸ƭȷtčŽȚfƑīĢ2!"(! − !!)!(! − !!)�Ǧɑ�Á\çŽ˦ɏ

ɪ�ʯƪ��ʧ_O¨¥4ɱɻ�3ɰ%�Ɵ��\ȹ�ÁǤ!!�˯ǰ�Ž®�!!ʰ

_ȯɃ�»Ƹ�ň5¥4Șsŵ!(!! , !! , !! , !!)�ȯɃǾ\ȹ>Ŭsŵ� 

Ƭť©ɛǾ\ȹŏąsŵ!!(!! , !! , !! , !!)�!!(!! , !! , !! , !!)ɰȓǸ��ȯɃ¡�

Ǿ\ȹŏąsŵĘ�¼˟�Ŷ�ȯɃǾ\ȹŏąsŵfƑīĢ 

! !! , !! , !! , !! = !
!! !!(!! , !! , !, !)!!(!, !, !! , !!)!"!#        (3.31) 

�˦Ǿ�)ÉƘVȢ§\çȯɃǾ\ȹŏąsŵø=ːʳ\ȹŏąsŵǾư

Ļ� 

3.4.1ɩʹˌ�ˤŏąȯɃ  

fƑǥʜ fǾɩʹˌ¥4ǸǤŏąsŵŪʳ 

ℎ!! !! , !! = exp −! !!! !!
! !(!! − !!)            (3.32) 

eʧ_ʧrcȯ»Ƹ�!! ! = exp![−!(!/2!)!!]!!(!)�ȂôěǾ\ȹŏąsŵ

īĢ� 
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! !! , !! , !! , !! = 2!!(!! − !!)! !! − !! − !
! !!           (3.33) 

Ę�ô'ɩʹˌǾʧ_ʧrcȯ�3.28� � 

!! !, ! = !!(!, ! + !
! !)               (3.34) 

cȯĢ�3.33�oȑÂɰȓ%ɩʹˌǾqE\çɮ�
ɢƦ�\ȹ_÷}ɩʹ

ˌ��eøÁ«�BɍȔĠʹˌAŽ®øŰ �KBɍɑìǾsŵ� 

ɩʹˌƇ�ȕǫƺǾˤŏąȯɃ�ʺĒ¥4Ǹʧ_ʧrcȯŪʳ!! ! =

!(!)!!(!)�Áʯ�ƉʺǾIã�ʧ_	ʧrcȯ�3.28� � 

!! !, ! = !
!! !!(!, ! − !!)!!(!, !!)!!!            (3.35) 

Ę�fƑøʧ_˸ƭȷtčŽȚ!!(!, !)�ʊ~ŽȚ!(!)Ǿ˸ƭȷtčŽȚ

!!(!, !).Á xŽ®Ȃ"�uŽ®�ȗǾīĢ� 

3.4.2ɥǔûʬ@ǾɛǸȝˏ�ș� ȯɃ  

Áɥǔûʬ@��fƑˍĝ zǾɛǸȝˏǾǤŏąsŵfƑʯƪǾīĢ 

ℎ!! !! , !! = !
!!"# exp ! !!! (!! − !!)

!             (3.36) 

ȂěǾǋŏąsŵ� 

ℎ!! !! , !! = exp −! !
!! !!

! 2!"(!! − !!)            (3.37) 

eʧ_ʧrcȯ»Ƹ�!! ! = exp[−!(!/2!)!!]!!(!)�˂ tɛǸȝˏǾǋŏąs

ŵ�ʹˌǾǤŏąsŵǾȂ@ľ�ʇƄʯ��ȯɃ(�ôě�ʯÁ\ȹŏąsŵ

�$ʤ�Ƅƈ�ôɛǸȝˏ�eīĢ� 

! !! , !! , !! , !! = 2!"(!! − !! + !
!!!)!(!! − !!)          (3.38) 

ň5Ĵrɀʀ���ȯɃǾ˯ǰɮ��£�ȯɃǾȝˏɮ�Ȃ@�˂tɛǸ

ȝˏǾʧ_ʧrcȯ�3.28� � 

!! !, ! = !!(! − !
! !, !)               (3.39) 

cȯĢ�3.38�k�ƵoȑǾɰȓ%˂tɛǸȝˏǾqE\çɮ�
ɢ�Ɵ\

ȹȞʪɛǸȝˏ�eŽ®Nŝ�ɝABɍƬťî；Ž®Ű � 

ɥǔûʬ@�ǾɛǸȝˏƇ�ȕǫƺǾș� ȯɃ�ʺĒ¥4Ǹʧ_ʧrc

ȯŪʳ!! ! = !(! − !!)!!(!!)!!!�ŉȦ7Â�Ǹ!!(!) = !(!)!!(!)Ūʳ� 

Áʯ�ƉʺǾIã�ʧ_ʧrcȯ�3.28� � 
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!! !, ! = !!(! − !! , !)!!(!! , !)!!!             (3.40) 

Ę�fƑøʧ_˸ƭȷtčŽȚ!! !, ! �ʊ~sŵ! ! Ǿ˸ƭȷtčŽȚ

!! !, ! .Á uŽ®�Ȃ"�xŽ®��ȗǾīĢ� 

3.4.3 VȢ§ Ť¸  

\çVȢ§ Ť¥4ÁʹˌǾ��ǥĖ˦ˏȧ�ǾɤĴ�ô��VȢ§ Ť

¸�Ǥŏąsŵ� 

ℎ!! !! , !! = !
!!" exp −!"!!!!              (3.41) 

Ę�eʧ_ʧrcȯ¥4ǸǛªīĢ!! ! = !
!!"!!(!")ɰʩ�\ȹŏąsŵ

ǾīĢ� 

! !! ,!! , !! ,!! = 2!"(!! + !!
! )!(!! − !!!)          (3.42) 

Ę�ʧ_ʧrcȯ�3.28� � 

!! !,! = !!(− !
! ,!")               (3.43) 

ň5Ĵrɀʀ�ô'VȢ§ Ť¸�ȝˏ�˯ǰÈĭƸ*Ť� 

3.5˸ƭȷtčŽȚǾ>ʧȦĢ  

Á��ȍȜǾ˂t�Iã 3.5.2��ň5ʺʪɏɪø˂tɛǸȝˏF���\

çȯɃȍȜ%WDF>ŬȞʪɛǸȝˏ�Ǧɑ�ȁŧʺʪĵtŽȚŒ}WDFȞʪ

ɛǸȝˏǾɸ$Ƈ¥4Ǿ��ąȓʯ�Ǥ�ň5ģ_ȝˏ － z�ĘøO¨ɰȓ�

!(!; !)�eWDF�!(!,!; !)��ŽMʖɴ�ºĹWDFǾì� 

! !,!; ! = ! ! + !
!!!; ! !∗ ! − !

!!!; ! exp −!"!! !!!       (3.44) 

ÁɛǸȝˏǾɥǔûʬ@��O¨!(!; !)ǟʚ��fƑŗǪȹīĢǾŏŴĵ
tŽȚ[48]
 

−! !"!" = ! + !
!!

!!
!!! !               (3.45) 

WDFǾ>ŬǸ>ʧŽȚŪʳ[49, 50]�Áʯ�Iã�īĢ� 

!
!
!"
!" +

!"
!" = 0                 (3.46) 

eɸ� 
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! !,!; ! = !(! − !
! !,!; 0)              (3.47) 

ĵtŽȚ�3.45�Ƈ��ǫƺIã�ƎƉʺǾŽȚ� 

−! !"!" = ! !,−! !!" ; ! !              (3.48) 

e� L �ȝˏ － x � z��ŭFã!/!"ǾƈĢsŵ�ôě'ʯ�ĵtŽȚ
Ǿ>ʧsŵ� 

− !"
!" = 2!" ! ! + !

!!
!
!" ,! −

!
!!

!
!" ; ! !           (3.49) 

ŧ�Ơɏɪq�Iã� 

1�ɥǔûʬ@�ǾɛǸȝˏ 

Áɥǔûʬ@ǾɛǸȝˏ�O¨Ǹ�3.45�ɰȓ�sŵ!(!,!; !)ɰȓ�
! !,!; ! = ! − !!/2!�ȂěǾ>ʧŽȚ�3.46��eɸ�3.47�ČȿÁ/Ⱦ�ū

�� 

2�ɛǸȝˏ 

ÁɛǸȝˏ�AĘ�ĸ˪Áɥǔûʬ@��O¨!(!; !)ĸ˪ǟʚ+áʕhȦ
Ģ�Helmholtz equation��īĢ� 

−! !"!" = !! + !!
!!!!               (3.50) 

sŵ!(!,!; !)� 

! !,!; ! = !! − !!               (3.51) 

Ę�ȹľ�>ʧŽȚ� 

!
!
!"
!" +

!!!!!
!

!"
!" = 0                (3.52) 

ʅȹľ�>ʧŽȚ¥4$¥4ɱƈĢɸr�eɸ� 

! !,!; ! = ! ! − !
!!!!! !,!; 0             (3.53) 

3�ʤĦǾ�Ä�/ʒ 

ÁĦ�Ä�/ʒ��O¨ˢɳǟʚǾīĢ�sŵ!(!,!; !)t|Ǹ�3.50�µ�3.51�

ŋɰȓ�AƸƃ! = !(!, !)�ȹľ�Ǿ>ʧŽȚǱÁ� 

!
!
!"
!" +

!!!!!
!

!"
!" +

!"
!"

!"
!" = 0              (3.54) 

ʯ�ĢãƀǉƈĢɸr�ǸǫįŽǉ¥4Ĵrɀʀ��ǈȇʝİ 

!"
!" =

!
!�

!"
!" =

!!!!!
! �

!"
!" =

!"
!"             (3.55) 
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WDFfƑĒŵR�ĩ1Ģ�3.55��Ǖ˚˯ǰ － u­�M¥Ĵ} 

!
!" ! !"

!" = !"
!"�

!
!" ! !"

!" = !"
!!             (3.56) 

ʯƇqE\ç��Ɵ\ȹǾȦĢ� 
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4 ȷȫɀƣ?�ʹˌǾ\ȹʵʴ  
?�ʹˌƐzǸ R. K. Lüneburg[31]ūr�?�ʹˌƇ�ȕfƑŇWǫľǾǲô

Șʹˌ�eǫǤ�¥4ø_÷Ė˦ǋɕǥ}qEÿóêɎǾǥǤ�ǥǤB'ʹˌ

B'\ȹô˦ǾʨǺ�Ƭťʯ�ǫľ�eÁʈàØȹ˓w[51]��÷¸[52]�\çʿ

Ɍ[53]ȦfƑʤÕěǷ�?�ʹˌfƑ�«ʒA©®«ľǾŖ÷ǰtč�eŖ÷ǰ

¥4ɱɰȓ� 

! ! = !! 2 − (!/!)!                 (4.1) 

e��!!ƇʹˌÔǾŖ÷ǰ�RƇʹˌ�İ�rƇʜʹˌ�ķǾʜȔ�Ƙȣ�

ɳģʳ�ȕˤ²Ɩȷȫäǎ˓w~FɑŇǾ?�ʹˌ�ôƼî˵� FDTD 9ȅɀ

ƥʰɮ\ȹʵʴ9ȅ� 

4.1 ȷȫɀƣ?�ʹˌ  

ÁȐ\ãç��ǋöʺĒʺʪHǷȂ«ɀƣ�ĝǾùäŉɐùƜ˓wƠîǱ�

eɗĐ˞Ƭťŋˢǋˍʁɺ�Ǧɑ�Ŗ÷ǰǋöǾưĻĘǇƑɱęǊěǷ'\ã

Y6Ǿʁɺ�»Ƹ�HsiehȦ-ūr�ȕ�¯ŀì²ƖA�«ȁİȷȫƜŉȷȫǎ

Ǿȷȫɀƣ?�ʹˌ�ʺʪŨ~ȁİǾ �ƠŨ~ƻ�ɋƭǤ�ʩ}ŋˢǾƑų

Ŗ÷ǰ[8]�˲[�ʺʪɺȨôěǋˍǾɟŴcȯƠǶŇ��ƑųŖ÷ǰĚ�ôě'

ƻ�ȕȁİǾùƜ�ùǎ�kƬť?�ʹˌŖ÷ǰaĢ�4.1�øŋˢǾŖ÷ǰô

ě}ȂěǾBɍ�ʯ�ńǉǕ˚%ô'[ʰȖœà˒Ĭǆȗ�ɕǥȔãƞ�ǹã

ƙǣ˔��Ǿˢǀ�$»ƸƎßǾiïĩ�ˠŇ\ȯɃǾ~ʼȖœ�à¿ 4.1ŋȓ�

Ȗȍ-±ʫǷȷȫǎ˓wǾưĻîǱ%\ç?�ʹˌ� 

  

¿ 4.1 ʺʪŨ~ƵǋˍùäǾȁİƠîǱ?�ʹˌɀƣ�  

ȷȫɀƣǾ?�ʹˌÉ'`tƤɺȨƑųŖ÷ǰŽǉʁɺ[54]�ÁʯȕŽǉ��

Ƿ��ǫìǾƑųǹïǰ!!""!! 3Əȷȫùä�{Ƿ&˔Ƒų/ʒǳʀǸƀ＝［äǎ



É'ǂñûˬ�˸ƭȷtčŽȚǾ?�ʹˌ9ȅ                           Ǒ、×çƘȖǶƽ�ʀŷ                                      

32 

Ǿ&ɅɋƭɺȨ!!""!! �Ǧ­kø!!""!! F�fƑƑ＝�ĝǾĖơǾǹïǰĐº�ÝÁ

�ŽǾ�ƀ＝ȝƾȝˏµ�ŽǾ!!!!���ƑųŖ÷ǰʺʪɸÁĦǋöʬ@�Ǿǋ
öɟŴcȯĴ}�Áʯȕȷȫä˓wʁɺ��ƋƭĒŵ aʸ�_÷\ǋ �̱1550nm�

Ǿ 1/6�� 258.3nm�ʁÒăǾ�ĝʁɍ� 320nm�É'ʯ�qEɀƣ�¿ 4.2 ƈ

ȓ%Ʋ®ǹÃ�TE��Ʋ®ȒÃ�TM�TŢǾƑųŖ÷ǰɺȨɀƥ�ʯʇƄ¤Ƒ

TMTŢ�ǹÃŽ®Æȁ'Ėơ�¥4NŝʁɺŋˢǾʚÖǾŖ÷ǰ ��ʹˌǾ

ƑųŖ÷ǰǾ�＝�}~ʼɗ�ŋXɿǾƐùǫįÿóǾ＝~�ƬťƐùäǎȁ

İ� 90nm�ôěʸśƑųŖ÷ǰ� 2.4�Ƭť?�ʹˌǾɀƣ�Ģ 4.1��ʹˌǾ

ɖƊŖ÷ǰʸś� 1.7�»Ƹ�ȷȫɀƣǾ?�ʹˌǾŖ÷ǰ �Á 1.7 ɜ 2.4 �

ˏ�à¿ 4.2ŋȓ� 

  

¿ 4.2 ƑųŖ÷ǰ�äİȁİǾôěcȯ�¿�ɇɟǤɰȓ TETŢ�ƳɟǤɰȓ TM

TŢ�  

ȷȫɀƣ?�ʹˌɱć_��ǋö���ǋöǾðĝʁɺ� 10.6!!"�à¿ 4.3

ŋȓ�  
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¿ 4.3 ȷȫɀƣ?�ʹˌǾêŶ�ǳ¿�  

ȷȫɀƣ?�ʹˌǾǫįǸʬÃŐŪ\çƈĵˌ�near-field scanning optical 

microscopy, NSOM�ɵò�HǷ 1550nmǾǢ\ƞ�FPL-1009S, Thorlab Inc.��ɡ

ǩǾ”˂ɓª�Ęʺʪ��ĈFÁʜȔǋö˦ 14!!"ĈFʜȔǾʹˌ\ȳʲŧ�¿
4.4�a�ƈȓ%Ǹ NSOM ůˠ}Ǿ\ħtčOł�ʯ＋HǷ FDTD 9ȅɀƥôî

˵ɀƥʰɮɸˆ�˲[HǷMIT Photonic Band solverƠɸmfƑ«ƪqEɀƣ�

ƝŸǫľǾȷȫơǋöǾÉƱǹÃtč�ʯ�ÉƱ˜­ɱǷU FDTD 9ȅȷȫä

ț˓wǾż\ǝ�ʫǷʯȕŽǉɵò}ʜȔɀƣ［ 20nmÑǾʬÃʹˌɮ��à¿

4.4�b�ŋȓ� 

Ƽʤ¿ 4.4a� b¥4Ȅ}�Ñʤ�ȟrǾ�«�˲[�Á NSOMɵòʤ�Ƅ

ƈǾĕǖ¿ƪ²Ɩ×ȴȦ'9ȅɀƥ�ǋǾ²ƖǾ���ʯƇǸ'î˵ɀƥ�Ǹ

'�¥ˀ^Ǿ�÷ʼŇ%˴ǋĕǖ�ǦɑÁ9ȅʪȚ��÷ʺʪHǷêɎ�（ă

�perfectly matching layer�ɑ�Ħ�eƵ�9ȅɀƥÁʹˌ�Èjƈȓr%Ȃô'

î˵ɀƥƎƌǾ¿ƪ�ʯƇǸ'9ȅ�ɺȨǾƇ��Ė˦Ǿħĝtč�ɑî；ǐ

－ƇÆȁŽ®�Ŷ�DȗǾȗt�»�ʹˌ�ķǾƑųŖ÷ǰƎ［�ʅ�ÈjǾ

ÆȁˠŇħĝ$Ǝ［�ʯ$ɸˆ%ʯ��ÈƎ［Ǿ NSOMǐ－ŵť� 

F�£Ô�ȕƼʤ�ň5Ƽʤ%ʹˌǥǤÑǾƲ®ÿó�ɯ÷�＝ŇWʹˌ

Ǿȥ�ǤŏąsŵǴðĝ�­ɐ�~!"/!"�e�!�\çǋˍ�f �ʹˌǾǥʜ�

n�²½Ŗ÷ǰ�D�ʹˌäİ�ô'ʯȕŃn�ʯ�ɰʩĢöɝ˭ɺǾǤÿó�

456nm�ǸNSOMɵǐŵť�FDTD9ȅŵťĴ}ǾǤÿót|� 301nm� 463nm

�［`ð�full width at half maximum, FWHM��î˵ŵť�ʤ×Ǿ�«¥ɗ�ʹ

ˌ�ķʤƌǾÔʎƑȂ@Ǿ�»�¬���Áʹˌ�ķÆȁŽ®�ʤħǾŴ÷�Ǹ

'ˁ＋fƑʤħǾƑųŖ÷ǰ�Ȭ@'�ȕuʛ¸HĴǤŏąsŵƎȻ�ʯ�ɸ
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ˆ$�žǴRʤ［ǾǱʍ�ɝ� 

 
¿ 4.4 ÉƱǧƄ�Ǿ?�ʹˌǾ\ǋɮ���a�NSOM¿W��b�Ǹ FDTDÉƱɺȨĴ

}Ǿɀƥ�ÁʜȔ¸6�Ž 20nmŽ®ɵò�ħĝČĨ���Ǥȹ�îȹt|ƩƄʹˌ

�È�ǋöʨǺ��c�NSOMŵť�ǥĖ˦�Ǿħĝtč��d�FDTD9ȅɀƥ�ǥĖ

˦Ǿħĝtč�  

4.2?�ʹˌǾ\ȹʵʴ  

Ǹ'?�ʹˌǫƺǾŖ÷ǰtč�ʯɂqE\ç�Ǿ\ȹʵʴŽǉĐƠ%ş

Ŋ�Ƙŷʺʪǂñûˬǳʀ�¥4ĲßǾƱŚr\ȹǾ>Ŭʟʴ�à¿ 4.5 ŋȓ�

�ʫǷĄĔǂñû �ˬScreen Hamiltonian�\ȹʵʴŽǉ�¿ a�� 100Ɵ\ȹȺ



Ǒ、×çƘȖǶƽ�ʀŷ                              É'ǂñûˬ�˸ƭȷtčŽȚǾ?�ʹˌ9ȅ 

35 

ŇǾĖ˦ǋ��_÷Ž®Ä�ǈ zʣƷŽ®>Ŭ�¿ b�Áƻ�ƹ zĖ˦�ɺȨǾ

ħĝtč� 

 
¿ 4.5 ?�ʹˌǾĄĔǂñûˬ\ȹʵʴ��a�100Ɵ\ȹǈ�zʣŽ®>ŬǾqEų

ƥ¿��b�Áƻ�ƹ zĖ˦�ɺȨĴ}Ǿħĝtč�  

¿ 4.5�ô'Ė˦ǋǾ9ȅĘƗɏɪħĝµȂBǾ ��»ƸǸǂñûˬ�ǭ

ɺȨ¤ɗɵò\ȹɮʰǾʟʴ��%Ǝ�ȅîǾ�ě\ǋ>ŬǾųƥ�ň5ģ_

˸ƭȷtčŽȚø_÷Ė˦ǋʰɮ Ť�à¿ 3.2ŋȓ�˸ ƭȷtčŽȚ¥4îǱ

ø_÷Ė˦ǋǾħĝ，ż Ť}ôě'�«Bɍ��«ȝˏ˯ǰǾ�Ɖʺħĝ�

R�ȿʪ Ť­ǾħĝOłĘ�fƑȅîǪǳŅ��»Ƹ¥4Ȅ}¿ 3.2��¿Ǿ

WDFR=rǱʏR�AƇʯȕƉʺ�ǾħĝRÁ uʣ�ȗt¥4Ĵ}ôě'ƻ�

BɍǤǾħĝ��Ƹ«ƃ�ôě'¿ 4.6ŋȓ� 

 

¿ 4.6 Á xOyĖ˦�ǾǋȈ>ŬȓŅ¿  

!!  

k 

x 
 
! 

 ! 

y 
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Ǹȝˏ˯ǰaĢ 

!! = !
!!
= !"#$

!                (4.2) 

e�!�ȝˏ˯ǰ�!��ɟǋǋˍ�!�ǋȈ� xʣǾÝɷ�¥ȉ˸ƭȷtč

ŽȚ�Ǿȝˏ˯ǰ u$�3ɰ\ȹǾ>ŬŽ®�»ƸWDF�Ǿ�� － x�Bɍ�

� u�ȝˏ˯ǰ�Ž®�¥4� Hamiltonian�Ǿ q�Bɍ�� p�Ž®�Ȃôě�

$�Xɿň5�šWDF� Hamiltonian©ɛǭǫǾľʒ�Ęøeɀª� 

Áʯ＋ň5˲[ɤĴ_÷\ǋǾ WDF�ø WDF sŵ�ƻ�Bɍƻ�Ž®�

ǾǤt|Đ_ Hamiltonian sŵʰɮ>Ŭ�Q� Hamiltonian ǾɺȨŽǉĴ}��

ƃ��zĄĔ��ǾBɍµŽ®Oł�ĘƬťÅƩ，żʊŶWDFǾR��ôě�

Ŷ�ǏȚà¿ 4.7ŋȓ�¿ 4.8�{ǷʅǏȚʰɮǾ\ȹʵʴʪȚ�Ǹ¿¥4Ȅr�

Ʒàŋ˭ƖǾˁƪ�tč'
	1�1�ǾĖ˦ǋsŵÁ1 z�0Ñ>Ŭ} z�2­É

Ƙǁɕ'�Ǥ� 

 

¿ 4.7 \ȹ>ŬɺȨŽǉǏȚ¿�  

 
¿ 4.8 ɀª WDF� HamiltonianɺȨ­Ǿ\ȹʵʴ�  

ÁîǱøǂñûˬ�˸ƭȷtčŽȚȂɀª�­�ň5¥4Á>ŬʪȚ��
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rĩƃǾWDF��_ȂěǾħĝ��－Ǿʊ~�Ơ˵ʂň5ô'e2ÓƛǪǳʪ

ȚǾǮń�ɀª�˦ô'î˵ɀƥ� FDTD 9ȅɀƥǾƼʤtƤ�ň5ǮńÁȷ

ȫȵ?�ʹˌ��Ǹ'Ƙʞɀƣ�»�öɝ\ǋÁʹˌɣ½jʰɮŴ÷�ʘ˥ʬ

ʹˌ�ķ�xŴ÷ųěʘ�Ƅƈ�ʯȕǱʍȬ@'�ˏ˂tɱʿŠǾùäɯ÷¿

ƪ�à¿ 4.9ŋȓ��Á�ˏ˂tǾħĝR�}�Ħ�eɯ÷¿ƪȂô'�ƠǾɯ

÷¿ƪˡȵðĝ Ƞ�ɑžǴĴ}�ħ� 

 

¿ 4.9 Ė˦ǋ�ˏ�ʿŠƃǾǾɯ÷¿ƪƼʤȓŅ¿�  

�}ʅ¿ƪǾ°��ň5ʃ¿Á?�ʹˌ>ŬʪȚ��_\ħ��－�Ž®�

ʊ~�à¿ 4.10 ŋȓ�ň5ģ_ƷļtčsŵF�ħĝʊ~»ã��ÁʫǷǂñ

ûˬʫȨƻ�ƹ z ƹˍ­�rc'Bɍ�Ž®Ǿ˸ƭȷtčŽȚ�ĘÁƸÉȏ�

�ȂěBɍǾ�Ŵ÷»ã��¿ 4.10�Ȃ"�Ĵ}ô\ħǾʊ~�køʊŶ­Ǿ˸

ƭȷtčŽȚkƵĐºǂñûˬʰɮʵʴʫȨ�àƸĮÓ�ȁʫȨ}Ɛȼ z�2Ǿ

Ė˦�Aʯ＋ˢɳǌŅǾƇ�ň5ɬǦôôě'ƻ��Bɍ x �Ž® u ǾǤʰɮ

ħĝ�ǾʊŶ�AĘƗŰ eqEĆľ�$�ĘƗôǂñûˬʟʴʰɮĕő�ɑ

ÁǂñûˬǾȮȑɺȨ��ƻ��Bɍ�Ž®ôěǾǤ�×˂t˃ø0ƂŞǧ�

ƠǾ>Ŭʟʴ>Ŭ�ƐȼĴ}Ǿųƥ0Ƃ�êɎɕǥ'Ʀ�ǤǾ¿W�ʯƇ»�

“ȩǇ�ǤôěǾħĝƑƷʏ�×ùǾċ|�AƐȼ˃=ɕǥ}«�Ǥ��»Ƹ

�=ƈȓrtč�Ǿċ|� 
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¿ 4.10 ?�ʹˌ>ŬǾŴ÷»ã�¥4ʅtčÁʹˌ�ķʩ}ƐùR�ƱŚ\ȹÁ˥

ʬ�ˏ˂t�}ʿŠ�  

»Ƹ�ň5ô>ŬʪȚ�Ǿ\ȹŽ®ʰɮ%Ȭ@Ǿʊ~�ň5Ǿüʃ�Áƻ

�ƹ z ƹˍɤ�}˸ƭȷtčŽȚ­˚%ÁBɍħĝ�ʰɮà�ʊ~�ň5ʮø

ɤĴǾŽ®ʰɮ%�ìǾű×�ű×ǾR�Ȭ@'¿ 4.10 ŋȓǾƷļtčŽȚÁ

?�ʹˌɣ½jǾtč�ʺʪʯƪǾʊ~�ň5ĎƔîǱÁ>Ŭ\ȹʘ˥ʬʹˌ

�ķƃ�e�}Ǿ�Ŵ÷ĕő�ʘ×�Ž®ǾŰ $ʘ×�«ǳ�ʘʱȔʹˌ�

ķǾ\ȹ��}Ǿ�Ŵ÷ĕő�ʘù�Ž®ǾŰ $ʘù� 

à¿ 4.11 ŋȓ�ÁƐȼǶŇǾĖ˦��Ƙěʅɕǥ'�ǤǾ\ȹĴ}%�ì

Țĝ�Ǿąð�Á�ˏĖ˦ z�1Ñʊ~­Ǿ\ħÁ�ʨǾħĝĴ}%�ħ�Ǹ'

Ĩ��Ǿ�»�ʯ$Ņ³ȇň5ô'�ˏBɍ\ħĝ�ĦǾüʃĴ4îǱ� 
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¿ 4.11 �_\ħ��－ʊ~­Ǿ?�ʹˌ>Ŭųƥ¿�  

Ɇ�ŋʳ�Á>ŬʪȚ��_Ǿħĝʊɠ��－ʊɠ»ãǾȑ¥4îǱø-

�SʁǾŴ÷ƱÇ�Aʯ�Ŵ÷»ȰƘʞfƑʤÕƗȑì�－�ǸǱʍȁŧũź
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